Abstract. Let q 1 < q 2 < q 3 be odd primes and N = q 1 q 2 q 3 . Put d = gcd(q 1 − 1, q 2 − 1, q 3 − 1) and h i = q i −1 d
Introduction
A positive odd integer n > 1 is called a strong probable prime to base b, or sprp(b) for short, if it passes the Miller (strong pseudoprime) test [7] to base b, i.e., where n − 1 = 2 s q with q odd. If, in addition, n is composite, then we say that n is a strong pseudoprime to base b, or spsp(b) for short. We say that n is an spsp(b 1 , b 2 , . . . , b t ) if n is a strong pseudoprime to all the t bases b i .
A Carmichael number is a positive composite integer which satisfies Fermat's Little Theorem (1.2) b n−1 ≡ 1 mod n for any b with gcd(n, b) = 1. It follows that a Carmichael number n must be square free with p − 1|n − 1 for each prime p|n and must be a product of at least three odd prime factors. A Carmichael number n = q 1 q 2 q 3 with each prime factor q i ≡ 3 mod 4 is called a C 3 -number. If n is a C 3 -number and an spsp(b 1 , b 2 , . . . , b t ), we call n a C 3 -spsp(b 1 , b 2 , . . . , b t ).
Define ψ m to be the smallest strong pseudoprime to all the first m prime bases. If n < ψ m , then only m Miller tests are needed to find out whether n is prime or not. This means that if we know the exact value of ψ m , then for integers n < ψ m we will have a deterministic primality testing algorithm which is not only easier to implement but also faster than existing deterministic primality testing algorithms. From Pomerance et al. [9] and Jaeschke [6] we know the exact value of ψ m for 1 ≤ m ≤ 8 and upper bounds for ψ 9 , ψ 10 and ψ 11 .
In [11] , we tabulated all K2-, K3-, K4-strong pseudoprimes < 10 24 to the first nine or ten prime bases, where Kk-numbers are the numbers having the form In [12] , we found all C 3 -spsp(2, 3, 5, 7, 11)'s < 10 20 . There are in total 110 such numbers. We tabulated 36 of them, which are C 3 -spsp's to the first 6 prime bases; one number is an spsp to the first 11 prime bases up to 31. As a result the upper bounds for ψ 9 , ψ 10 and ψ 11 are lowered from 20-and 22-decimal-digit numbers to a 19-decimal-digit number: Define SB(n) = #{b ∈ Z : 1 ≤ b ≤ n − 1, n is an spsp(b)} and
where ϕ is the Euler's function. It is well known that [5] , [10] if n = 9 is odd and composite, then SB(n) ≤ ϕ(n)/4, i.e., P R (n) ≤ 1/4. It is easy to prove that (see [12, §5] )
either n = p q is a K2-number with p ≡ 3 mod 4 or n is a C 3 -number; (1.4) (1.5) if n is a K2-spsp(2), then P R (n) = 3/16; and (1.6) if n is an spsp(2), then P R (n) = 1/4 ⇐⇒ n is a C 3 -number.
We see that the bounds N 10 , N 11 , N 12 above are all K2-numbers and Q 11 is a C 3 -number. The reason for these facts is that these numbers n have P R (n) equal to or close to 1/4. So we [12] make the following conjecture. The main purpose of this paper is to give reasons and numerical evidence to support the following conjecture.
Conjecture 2.
ψ 12 = N 12 = 3186 65857 83403 11511 67461 (24 digits) = 399165290221 · 798330580441.
Before stating the main results of this paper, we need the following definition. Definition 1.1. Let q 1 < q 2 < q 3 be odd primes and N = q 1 q 2 q 3 . Let
Then we call d the kernel, the triple (h 1 , h 2 , h 3 ) the signature, and H = h 1 h 2 h 3 the height of N , respectively. We also call H the height of the triple (h 1 , h 2 , h 3 ).
We describe in Section 2 an algorithm for finding C 3 -spsp(2)'s to a given limit, with heights bounded. There are in total 21978 C 3 -spsp(2)'s < 10 24 with heights < 10
9 . In Section 3 we give an overview of the 21978 C 3 -spsp(2)'s, among which 1434 numbers, including the 110 ones < 10 20 found in [12] , are C 3 -spsp's to the first 5 prime bases; and we tabulate 54 of them, which are C 3 -spsp's to the first 8 prime bases up to 19; three numbers are spsp's to the first 11 prime bases up to 31. No C 3 -spsp's < 10 24 to the first 12 prime bases with heights < 10 9 were found. In Section 4 we speed up the algorithm for finding larger C 3 -spsp's, say up to 10 50 , with a given signature, to more prime bases. We find 5851 C 3 -spsp's < 10 50 to the first 13 prime bases up to 41 with signature (1, 37, 41), which pass the Axiom release 1.1 test, and we tabulate 25 of them, which are C 3 -spsp's to the first 17 prime bases up to 59. In Section 5 we show that C 3 -numbers N with heights > N 1/3 are rare (such numbers are called hard C 3 -numbers) and reasonably predict that there exist no C 3 -spsp's < 10 24 to the first 12 prime bases with heights ≥ 10 9 . So, by the foregoing arguments, Conjecture 2 would be most likely correct.
The main idea of our method for finding those 21978 C 3 -spsp(2)'s is that we loop on candidates of signatures and kernels with heights bounded, subject those candidates N = q 1 q 2 q 3 of C 3 -spsp(2)'s and their prime factors q 1 , q 2 , q 3 to Miller's tests and obtain the desired numbers.
Arnault [2] used a sufficient condition for constructing Carmichael numbers which are spsp's to several prime bases and gave a 56 digit sample C 3 -spsp, with signature (1, 37, 41), to the first 11 prime bases up to 31, which pass the Axiom release 1.1 test. But his condition is too stringent for most C 3 -spsp's to satisfy. The 5851 C 3 -spsp's could not be found by his method. In our previous method [12] , we loop on the largest prime factor q 3 and propose necessary conditions on N = q 1 q 2 q 3 to be a strong pseudoprime to the first 5 prime bases. Since the q i are in general much larger than the component h i of the signature, our previous method is much more expensive than our new one for finding all C 3 -spsp(2)'s to a given limit with heights bounded. See Remarks 3.1 and 4.1 for comparisons in details.
The method
To state our algorithm more concisely we first need some definitions.
Then the system of linear congruences (2.1)
has solutions x ≡ x 0 mod H = h 1 h 2 h 3 where x 0 is the unique solution with 0 ≤ x 0 < H, which is called the seed of the C-acceptable triple (h 1 , h 2 , h 3 ). Definition 2.3. Let q 1 < q 2 < q 3 be odd primes and N = q 1 q 2 q 3 with kernel d, signature (h 1 , h 2 , h 3 ), and height
We call x 0 the C 3 -seed of the
Our algorithm is based on the following theorem which needs a lemma. 
(1) N is a Carmichael number
(2) Suppose N is a Carmichael number and so d is C-acceptable. Then at least two of the h i are odd and d = x 0 + jH for some j ≥ 0. We have 
Before describing our algorithm, we need one more lemma.
Lemma 2.2. Let
Proof. Let d be the kernel of N . Since
we have,
Thus we can take k = 4, since in this case
Now we are ready to describe a procedure to compute all (2)'s looping on signatures with heights bounded;
Using Euclidean Algorithm and the Chinese Remainder Theorem to compute the seed x 0 of the triple ( 2 and q 3 are all sprp's to the first several prime bases) And (N is an spsp(2)) Then
Remark 2.1. One may easily modify the procedure a little for computing all 
would be infinitely many Carmichael numbers with three prime factors. We call (2.3) the chain of Carmichael numbers with signature (h 1 , h 2 , h 3 ). Since there exist infinitely many C-acceptable triples, there would exist infinitely many pairwise disjoint chains of Carmichael numbers with three prime factors. The same arguments can be applied to C 3 -numbers and C 3 -spsp(2)'s. 
Numerical results and statistics
The Pascal program (with multi-precision package partially written in Assembly language) ran about 50 hours on a PC Pentium III/800 to get all C 3 -spsp(2)'s < 10 24 with heights < 10 9 . There are in total 21978 numbers, among which 54 numbers are spsp's to the first 8 prime bases up to 19 (listed in Table 1 For the rest of this paper let b i be the ith prime. Define sets
for t ≥ 1. The sets and functions can be extended for t = 0, in which case C 3 (0, L) is the set of all C 3 -numbers < L, etc. Then we have
In Table 2 we give f (t, L, 10 9 ) for t = 1, 2, . . . , 11 and L = 10 10 , 10 12 , . . . , 10 24 . In Table 3 , we give f (t, 10
24 , H) for 1 ≤ t ≤ 11 and H = 10 2 , 10 3 , . . . , 10 9 . Remark 3.1. The smallest five numbers < 10 20 in Table 1 appeared earlier in [12,  Table 5 ] where we used 1600 hours of CPU time on a PC Pentium III/800 to find all 110 C 3 -spsp(2, 3, 5, 7, 11)'s < 10 20 . Since all the 110 numbers have heights < 10 9 , they were caught once again (see Table 2 : f (5, 10 20 , 10 9 ) = 110) and much more information than that was obtained by our new method, using only 50 hours of CPU time on the same machine. In our previous method, we loop on the largest prime factor q 3 and propose necessary conditions on N = q 1 q 2 q 3 to be a strong pseudoprime to the first 5 prime bases. In the new method we loop on C 3 -spsp (2) 
24 , to the first t, say, t ≥ 11, prime bases. We will explain in Section 5 why we choose H = 10 9 , i.e., why we did not run the procedure for
4. Larger C 3 -spsp's to more bases
In this section we will speed up the method so that we can find all C 3 -spsp's less than a larger limit L, say L = 10 50 , with the same signature, say (1, 37, 41), to t ≥ 9 prime bases. 
and if the system of linear congruences
has solutions, or in other words, the system 
Proof. Suppose N is a C 3 -number and so d is C 3 -acceptable. Then we have by Theorem 2.1 and Lemma 2.1 N is an spsp(b)
By the Chinese Remainder Theorem, we have the following corollary. = 2880. In Table 4 we give S bi = S 
Discussion
which is called the height index of N . We call N a hard Carmichael number (resp. hard
. . , b t )) with height index β < 3.
Proposition 5.1. If N is a hard Carmichael number, then we have
where β = Example 5.1. We list in Table 6 hard C 3 -spsp(b 1 , . . . , b t )'s for 0 ≤ t ≤ 9 with the smallest height indices among the three sets of C 3 -numbers: the 2837 C 3 -numbers < 10 18 ; the 110 C 3 -spsp(2, 3, 5, 7, 11)'s < 10 20 and the 21978 C 3 -spsp(2)'s < 10 24 . At last, we point out an argument which is perhaps unfavorable for our method. Given any small ε > 0, does there always exist a C-acceptable triple (h 1 , h 2 , h 3 ) = (h 1 , h 2 , h 3 )(ε) with height H = h 1 h 2 h 3 and positive seed x 0 < H ε ? If so, and if one wants to compute ALL! Carmichael numbers < L with three prime factors, one should check as many as O(L 1+o(1) ) C-acceptable triples. The algorithm would take time O(L 1+o (1) ). The same argument can be used for finding ALL! C 3 -numbers or ALL! C 3 -spsp(2)'s with a smaller constant for the big O-and/or a smaller order for the small o (1) . To this end, a favorable estimate of H in Remark 3.3 as a function of L and t would be an interesting but difficult problem.
